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Observed well-developed α cluster states in 16O located above the four α threshold are investigated
from the viewpoint of Bose-Einstein condensation of α clusters by using a field-theoretical superfluid
cluster model in which the order parameter is defined. The experimental energy levels are reproduced
well for the first time by calculation. In particular, the observed 16.7 MeV 0+7 and 18.8 MeV 0
+
8 states
with low-excitation energies from the threshold are found to be understood as a manifestation of
the states of the Nambu-Goldstone zero-mode operators, associated with the spontaneous symmetry
breaking of the global phase, which is caused by the Bose-Einstein condensation of the vacuum 15.1
MeV 0+6 state with a dilute well-developed α cluster structure just above the threshold. This gives
evidence of the existence of the Bose-Einstein condensate of α clusters in 16O. It is found that the
emergence of the energy level structure with a well-developed α cluster structure above the threshold
is robust, almost independently of the condensation rate of α clusters under significant condensation
rate. The finding of the mechanism why the level structure that is similar to 12C emerges above the
four α threshold in 16O reinforces the concept of BEC of α clusters in addition to 12C.
PACS numbers: 21.60.Gx,27.20.+n,67.85.De,03.75.Kk
In this paper, we present evidence of Bose-Einstein
condensation (BEC) of α clusters in 16O. The idea of
cluster structure of nuclei was originally proposed in
Refs. [1, 2] as the first nuclear structure model and since
the proposal of the Ikeda diagram in 8Be−24Mg [3] and
8Be−32S [4], the last century witnessed a fruitful exis-
tence of cluster structure in light nuclei [5–7]. The clus-
ter structure has been shown to persist also in medium-
weight and heavy mass region [8], where the spin-orbit
force becomes important. The diagram was extended
to the fp-shell region, 44Ti region in Ref. [9] and 60Zn
region in Ref. [10]. The discoveries of the excitations of
the inter-cluster relative (vibrational) motion (the higher
nodal state) typically in 20Ne [11] and 44Ti [12], which is
not expected from the mean field picture of nuclei [13, 14],
showed a diversity of collective motion caused by cluster-
ing.
As a new diversity of collective motion, BEC of α clus-
ters has been attracting much attention in the Nα sys-
tems in 4N nuclei, such as three α clusters in 12C and
four α clusters in 16O, which are the highest order cluster-
ing in the Ikeda diagram [3, 4]. This is a new collective
motion caused by the spontaneous symmetry breaking
(SSB) of the global phase in the gauge space and dif-
ferent from the collective motions in configuration space
such as rotation and vibration with a geometrical intrin-
sic structure, which are also widely seen in the mean field
picture [13, 14].
In fact, three α clusters in 12C(0+2 , 7.654 MeV), the
Hoyle state, has been shown to be in a gas phase by
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Uegaki et al. [15] in contrast to the preceding picture
of a rigid three α chain structure [16]. Matsumura et al.
[17] showed that about 70% of the α clusters in the Hoyle
state are sitting in the 0s state. Many theoretical and
experimental studies were devoted to investigate whether
the Hoyle state is a Bose-Einstein condensate [17–30].
The most intriguing nucleus beyond 12C is 16O, for
which systematic experimental data have been accumu-
lated [31–36]. Despite theoretical studies [21, 37–39]
whether the observed energy level structure of the α clus-
ter states just above the four α threshold in 16O is due
to BEC of α clusters has not been confirmed. Full mi-
croscopic four α cluster model calculations and ab initio
calculations to understand the α cluster level structure
are presently formidably difficult for 16O. Also we note
that whatever the calculated rate of α clusters sitting in
the 0s state may be, any theory without the order param-
eter is unable to conclude whether the system is in the
Nambu-Goldstone (NG) phase of BEC or in the normal
Wigner phase.
We have proposed a field theoretical superfluid cluster
model in which the order parameter is defined [29, 30] and
showed in 12C that the emergence of the peculiar energy
levels with a well-developed gas-like α cluster structure
built on the Hoyle state is a manifestation of the NG
phase caused by the BEC of the vacuum Hoyle state.
The purpose of this paper is to show for the first time
that the observed peculiar α cluster level structure just
above the four α threshold in 16O can be understood in
a superfluid α cluster model and that in particular the
emergence of the ground and excited states of the NG
operators is a manifestation of the evidence for the BEC
of α clusters.
From the theoretical side, Tohsaki et al. [21] consid-
ered that the 0+5 (14.0 MeV) state in
16O, located 0.44
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2MeV only just below the four α threshold energy, is a
BEC state of α clusters. On the other hand, Funaki et
al. [37] discussed, using a four α semi-microscopic or-
thogonality condition model (OCM), that the 0+6 (15.1
MeV) state located just above the four α threshold [40]
is a condensate of four α clusters. Ohkubo et al. [38] sug-
gested, in the unified description of nuclear rainbows in
α+12C scattering and α cluster structures in the bound
and quasi-bound energy region of 16O, that the observed
0+6 (15.1 MeV) state could be a superfluid state of four
α clusters. As for the excited states above the 0+6 (15.1
MeV) state, i.e., 2+ (16.95 MeV), 2+ (17.15 MeV), 4+
(18.05 MeV) and 6+ (19.35 MeV) states, observed by
Chevalier et al. [32], which had been considered to have
a four α linear chain structure [4, 32, 41], Ohkubo et al.
[38] showed that they can be understood to have the local
condensate α+12C (0+2 ) structure. As for the four α lin-
ear chain in 16O, Ichikawa et al. [42] and others [43, 44]
showed that the excitation energy of the band head state
is much higher, above 30 MeV. A search to observe such
a high lying state has been attempted [45].
On the other hand, from the experimental side, very
important developments in searching for BEC of α clus-
ters in 16O were recently reported by Itoh et al. [31],
who observed two broad resonant 0+ states, i.e., 0+7 at
16.7 MeV with the α+12C(0+2 ) structure and 0
+
8 at 18.8
MeV with the 8Be+8Be structure just above the 0+6 (15.1
MeV) state. We note that this energy 16.7 MeV of 0+7 ex-
actly agrees within the width with 16.6 MeV predicted by
Ohkubo et al. [38] from the viewpoint of BEC and super-
fluidity of 16O. In Ref. [46], Ohkubo suggested that the
0+7 state (16.7 MeV) may be a NG state due to the spon-
taneous symmetry breaking of the global phase caused by
the BEC of the 0+6 (15.1 MeV) state. In addition to the
experimental data by Chevallier et al. [32] and Freer et
al. [33, 35, 36], Curtis et al. [34] very recently observed in
the 13C(4He, 4α)n breakup reaction the 2+ (17.3 MeV),
4+ (18.0 MeV), 2+ or 4+ (19.4 MeV), and 4+ or 6+
(21.0 MeV) states, which decay into the 8Be+8Be chan-
nel. These observations seem to be consistent with the
previous results by Freer et al. [33], the 2+ (17.1 MeV),
2+ (17.5 MeV), 4+ (19.5 MeV) and 6+ (21.4 MeV) states
in the 12C(16O, 4α)12C reaction, and by Freer et al. [35],
the 6+ states at 20.0 and 21.2 MeV in the 8Be+8Be de-
cay channel of 16O. In the present study, we focus on the
well developed four α states above the four α threshold
(14.44 MeV), because almost all the energy levels and
the electric transition probabilities below about 13 MeV
in excitation energy are known to be explained well in
the α+12C cluster model by Suzuki [47].
We study these α cluster states from the viewpoint of
BEC of α clusters, using the field-theoretical superfluid
α cluster model [29, 30]. We briefly recapitulate the
formulation. The model Hamiltonian for a bosonic field
ψˆ(x) (x = (x, t)) representing the α cluster is given as
follows:
Hˆ =
∫
d3x ψˆ†(x)
(
−∇
2
2m
+ Vex(x)− µ
)
ψˆ(x)
+
1
2
∫
d3x d3x′ ψˆ†(x)ψˆ†(x′)U(|x− x′|)ψˆ(x′)ψˆ(x) . (1)
Here, the potential Vex is a mean field potential in-
troduced phenomenologically to trap the α clusters in-
side the nucleus, and is taken to have a harmonic form,
Vex(r) = mΩ
2r2/2 , and the residual α–α interaction is
given by the Ali–Bodmer type two-range Gaussian po-
tential [48], U(|x−x′|) = Vre−µ2r|x−x′|2 −Vae−µ2a|x−x′|2 .
We need no phenomenological three-body and four-body
α–α interactions [37]. We set ~ = c = 1 throughout this
paper.
When BEC of α clusters occurs, i.e. the global phase
symmetry of ψˆ is spontaneously broken, we decompose
ψˆ as ψˆ(x) = ξ(r) + ϕˆ(x), where the c-number ξ(r) =
〈0| ψˆ(x) |0〉 is an order parameter and is assumed to be
real and isotropic. To obtain the excitation spectrum,
we need to solve three coupled equations, which are the
Gross–Pitaevskii (GP) equation, Bogoliubov-de Gennes
(BdG) equations, and zero-mode equation [29, 30]. The
GP equation that determines the order parameter is
given by{
−∇
2
2m
+ Vex(r)− µ+ VH(r)
}
ξ(r) = 0 , (2)
where VH(r) =
∫
d3x′ U(|x − x′|)ξ2(r′) . The order pa-
rameter ξ is normalized with the condensed particle num-
ber N0 as ∫
d3x |ξ(r)|2 = N0 . (3)
The BdG equations that describe the collective oscilla-
tions on the condensate are given by∫
d3x′
( L M
−M∗ −L∗
)(
un
vn
)
= ωn
(
un
vn
)
, (4)
whereM(x,x′) = U(|x−x′|)ξ(r)ξ(r′), L(x,x′) = δ(x−
x′)
{
−∇22m + Vex(r)− µ+ VH(r)
}
+M(x,x′) . The index
n = (n, `, m) stands for the main, azimuthal and mag-
netic quantum numbers. The eigenvalue ωn is the excita-
tion energy of the Bogoliubov mode. For isotropic ξ, the
BdG eigenfunctions can be take to have separable forms,
un(x) = Un`(r)Y`m(θ, φ), vn(x) = Vn`(r)Y`m(θ, φ). We
necessarily have an eigenfunction belonging to zero eigen-
value, explicitly (ξ(r),−ξ(r))t, and its adjoint function
(η(r), η(r))t is obtained as
η(r) =
∂
∂N0
ξ(r) . (5)
The field operator is expanded as
ϕˆ(x) = −iQˆ(t)ξ(r) + Pˆ η(r)
+
∑
n
{
aˆun(x) + aˆ
†v∗n(x)
}
, (6)
3with the commutation relations [Qˆ , Pˆ ] = i and
[aˆn , aˆ
†
n′ ] = δnn′ . The operator aˆn is an annihilation op-
erator of the Bogoliubov mode, and the pair of canonical
operators Qˆ and Pˆ originate from the SSB of the global
phase and are called the NG or zero-mode operators.
The treatment of the zero-mode operators is a chief
feature of our approach. The naive choice of the unper-
turbed bilinear Hamiltonian with respect to Qˆ and Pˆ
fails due to their large quantum fluctuations. Instead,
we gather all the terms consisting only of Qˆ and Pˆ in
the total Hamiltonian to construct the unperturbed non-
linear Hamiltonian of Qˆ and Pˆ , denoted by HQPu . The
coefficients in HˆQPu are I =
∂µ
∂N0
and the integrations in-
volving ξ , η and U , whose explicit forms are seen in the
Ref. [30]. We set up the eigenequation for HˆQPu , called
the zero–mode equation,
HˆQPu |Ψν〉 = Eν |Ψν〉 (ν = 0, 1, · · · ) . (7)
This equation is similar to a one-dimensional Schro¨dinger
equation for a bound problem.
The total unperturbed Hamiltonian Hˆu is Hˆu =
HˆQPu +
∑
n ωnaˆ
†
naˆn. The ground state energy is set
to zero, E0 = 0. The states that we consider are
|Ψν〉 |0〉ex with energy Eν , called the zero-mode state,
and |Ψ0〉 aˆ†n |0〉ex with energy ωn, called the BdG state,
where aˆn |0〉ex = 0.
As in Refs. [29, 30], we adjust the strength parame-
ter Vr of the short range repulsive potential of the Ali-
Bodmer potential (set d0) [48] as a residual interaction
in the mean field potential Vex, because it stabilizes the
condensate under the trapping potential and is the most
sensitive in our analysis. The repulsive Coulomb poten-
tial affects numerical results little as in the case of 12C
[29, 30] in the presence of the mean field potential Vex,
and is suppressed in the present work. The chemical po-
tential is fixed by the input N0.
We identify 0+6 (15.10 MeV) state, considered to be
a Hoyle analog-state [37, 38], as the vacuum |Ψ0〉 |0〉ex.
In fact, according to Ref. [37], 61% of the α clusters in
this state are sitting in the 0s state, while the rate is
less than 25% for all the other 0+ states below, including
0+5 (14.0 MeV). The two parameters, Ω = 1.57 MeV/~
and Vr=514 MeV, which are determined by inputting
N0 = 0.61×4 and E1 =16.7-15.1=1.6 MeV when the ex-
perimental 0+7 (16.7 MeV) state is identified as |Ψ1〉 |0〉ex
(0+ν=1(ZM)) and also by minimizing the mean square er-
rors between the experimental (centroid energies for the
fragmented 2+, 4+ and 6+ states) and calculated energies
of the states above it, and to reproduce well the excitation
energy of the experimental 0+7 (16.7 MeV) state from the
vacuum 0+6 (15.10 MeV), i.e., E1 =16.7-15.1=1.6 MeV
under the condensation rate 61%, are used in the calcu-
lations below.
In Fig. 1, the energy levels calculated using the ob-
tained parameters (Ω, Vr) are displayed. We notice that
the calculated second zero-mode state 0+ν=2(ZM) appears
at low excitation energy from the vacuum 0+6 (15.10 MeV)
exp. exp.
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FIG. 1. Energy levels in 16O calculated with 61% condensa-
tion rate on the right are compared with the experimentally
spin assigned α cluster states, 0+ (16.7 and 18.8 MeV) from
Refs.[31, 40], 2+ (16.95, 17.1, 17.3 and 17.5 MeV), 4+ (18.05,
18.8 and 19.30 MeV) and 6+ (19.35, 20.0 and 21.4 MeV) from
Refs.[32–35] on the left. The centroid red energies of the re-
spective 2+, 4+ and 6+ states are shown in the middle.
and agrees well with the broad 0+8 (18.8 MeV) state ob-
served by Itoh et al. [31]. Our calculation locates also the
0+n=1(BdG) near the zero-mode 0
+
ν=2 (ZM) state, which
seems to be within the broad width of the experimen-
tal 0+8 (18.8 MeV) state. From the excitation function
of Fig. 4(b) in Ref. [31], it is difficult to know whether
the broad 0+8 (18.8 MeV) state is fragmented. The cal-
culated BdG excited states 2+n=1(BdG), 4
+
n=1(BdG) and
6+n=1(BdG) states agree with the centroids of the experi-
mental energy levels observed in [32–35]. Our calculation
predicts a 8+n=1 (BdG) at 23.7 MeV and a 10
+
n=1(BdG)
at 26.4 MeV. The calculated 8+ state may correspond
to the 8+ state at 23.6 MeV observed in Ref. [35].
The logical structure that the energy levels of the two
0+ zero-mode states appear at low energies from the vac-
uum followed by the 2+(BdG) and 4+(BdG) states in
agreement with experiment is the same as that of the ex-
cited α cluster states above the Hoyle state in 12C. The
level structure is a manifestation of the emergence of the
zero-mode and BdG states due to BEC of the α clus-
ters. The appearance of the zero-mode states confirms
the conjecture by Ohkubo in Ref. [46].
The reason why the dilute well-developed four α clus-
ter condensate states are fragmented was investigated by
one of the present author (SO) and Hirabayashi in the
coupled channel calculations that include the non-dilute
α+12C(gs, 2+1 (4.44 MeV), 3
−(9.65 MeV)) cluster struc-
ture and the dilute α+12C(0+2 (7.65MeV), 2
+
2 (10.3 MeV) )
cluster structure [38]. It was shown that the broad dilute
α+12C (Hoyle state) structure is fragmented, typically
for the 4+ state, into two states separated about 1.5 MeV
by the coupling. This is easily understood qualitatively
by noting that the unperturbed energy of the α+12C(2+1 ,
4.44 MeV) cluster structure with the relative angular mo-
mentum L = 4, which generates [2+1 ⊗ L = 4]J=2+,4+,6+ ,
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FIG. 2. (a) the calculated order parameter ξ(r) and (b) its
adjoint eigenfunction η(r) with 61% condensation rate.
located at 15.5 MeV in the relevant energy region. The
appearance of the three fragmented states for each spin
2+, 4+, 6+ by the coupling can be understood qualita-
tively by noting the additional presence of the α+12C(4+,
14.08 MeV) cluster structure with L = 2, which gener-
ates J = 2+, 4+, 6+ at the unperturbed energy 21.0 MeV
in the relevant energy region. The fragmentation of BEC
states of the α clusters was not observed in the BEC of
the three α clusters in 12C, in which no other excited state
exists except the 2+1 below the three α threshold. The in-
terference between the BEC state and non-BEC impurity
states is a new feature that has never been known and
is expected to appear in other nuclei. In our model the
fragmentation of the BEC can be treated by introduc-
ing a scalar field corresponding to the non-dilute α+12C
configuration, which is beyond the scope of the present
work and is a future challenge.
In Fig. 2, the density distribution of the order param-
eter ξ(r), which is related to the superfluidity density
ρ(r)=|ξ(r)|2/N0, is displayed. The rms radius of the
Hoyle-analog 0+6 (15.1 MeV) state r¯ is calculated to be
5.22 fm as r¯2 =
∫
d3x r2|ξ(r)|2/N0. Although the exper-
imental value is not available, this large size compared
with the experimental 2.71 fm of the ground state of 16O
supports that the Hoyle-analog state is a dilute α cluster
state. This value is also consistent with 5 fm in Ref. [37].
In Fig. 2 (a) the superfluid density is the largest in the
center of the condensate and decreases gradually toward
the surface. We note that the density extends consid-
erably beyond the rms radius 5.2 fm up to 10 fm. In
Fig. 2 (b) the calculated η, which is the derivative of
ξ with respect to the number of α clusters, represents
the number fluctuation of the superfluid condensate. We
note that the fluctuation is the largest not in the central
region but at around 6 fm in the surface region. This be-
havior is similar to the 12C case in Ref. [30]. The number
fluctuation is visible even beyond 10 fm up to 12 fm where
the superfluid density is very low. This feature does not
change if the condensation rate is significantly increased
(for example 100%) or decreased from the present 61%.
In Fig. 3, the wave functions U1`(r) and V1`(r) of the
BdG states (n = 1) with `=0, 2, 4 and 6 are displayed.
We note that |V1`(r)| is much smaller than |U1`(r)|, which
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FIG. 3. The calculated BdG wave functions U1`(r) and V1`(r)
for the states (a) 0+, (b) 2+, (c) 4+ and (d) 6+ with 61%
condensation rate.
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FIG. 4. The calculated Nambu-Goldstone zero-mode
wave functions (a) |Ψ0(q)|2 (0+ν=0(ZM,Vac)), (b) |Ψ1(q)|2
(0+ν=1(ZM)), (c) |Ψ2(q)|2 (0+ν=2(ZM)) with 61% condensation
rate.
becomes more notable as ` increases. The peak of U1`(r)
for ` 6= 0 is in the surface region because of the repulsive
force of the central condensate and moves outward with
increasing ` due to the centrifugal force. For ` = 0, the
orthogonality of U10(r) and V10(r) to the nodeless ξ and
η makes the node at around 6 fm and the energy level is
raised above the ` = 2 state. The amplitude of V10(r) is
not small even in the central region. These features are
similar to the BEC states built on the Hoyle state in 12C
[29, 30].
5In Fig. 4, the squares of the calculated zero-mode wave
functions |Ψν |2 for the first three (ν=0, 1 and 2) states
are displayed. The wave function of the ν=0 zero-mode
state or the vacuum has no node in the q-space, as in
Fig. 4 (a). It is important to emphasize that in the
present theory we obtain a series of 0+ states, which are
the zero-mode excited states with ν 6= 0. These excited
states are realized by increasing the number of the nodes
of the wave function in the q-space, as seen in Fig. 4 (b)
and (c). The first excited state with one node (ν=1) in
Fig. 4 (b) and the second excited state (ν=2) with two
nodes in Fig. 4 (c) are assigned to the experimental 0+7
state at 16.7 MeV and 0+8 state at 18.8 MeV, respectively.
The reason why we have the two zero-mode 0+ excited
states is because we treat the quantum fluctuations of Qˆ
and Pˆ properly and are naturally led to the zero-mode
equation (7). The logic that more than two 0+ states
appear at low excitation energies from the Hoyle-analog
state is shared by both the cases of 12C and 12O. This
logic is quite similar to the case of a deformed nucleus, for
which the rotational symmetry is spontaneously broken
and the zero-mode states 2+, 4+, 6+, · · · are the mem-
bers of the rotational band by increasing the angular mo-
mentum. In the case of the zero-mode excited states for
the BEC, the quantum number counting the number of
nodes in the q-space plays the role of the angular momen-
tum. Both of the emergences of the zero-mode excited
states for the BEC of α clusters and the rotational band
for the deformed nucleus are due to the finiteness of the
systems. We note that in the infinite limit of the system
size of the BEC of α clusters, all the zero-mode excited
states become degenerate to zero energy.
To see the robustness of the emergence of energy level
structure of the zero-mode and BdG states, the calcu-
lated energy levels for different condensation rates, 50,
60, 80 and 100%, are displayed in Fig. 5. While the pa-
rameter Ω is kept to be 1.57 MeV/~, which was obtained
for the case of 61%, the parameter Vr is determined so
as to minimize the mean square errors between the ex-
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FIG. 5. The energy levels in 16O calculated for different con-
densation rates and the experimental α cluster states.
TABLE I. Calculated reduced E0 and E2 transition probabil-
ities, B(E2) and M(E0 : 0+ → 0+) in 16O, in units of e2 fm4
and fm2, respectively, for 61% and 100% condensations.
Transition 61% 100%
M(E0 : 0+ν=1(ZM) → 0+ν=0(ZM)) 4.2 7.6
M(E0 : 0+ν=2(ZM) → 0+ν=0(ZM)) 0.24 0.62
B(E2 : 2+n=1(BdG) → 0+ν=0(ZM)) 369 606
B(E2 : 2+n=1(BdG) → 0+ν=1(ZM)) 1644 1724
B(E2 : 4+n=1(BdG) → 2+n=1(BdG)) 785 456
B(E2 : 6+n=1(BdG) → 4+n=1(BdG)) 1111 469
B(E2 : 8+n=1(BdG) → 6+n=1(BdG)) 1355 448
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FIG. 6. (Color online) The calculated energy levels of the
Nambu-Goldstone zero-mode states and the BdG states are
displayed against J(J + 1) in comparison with the experi-
mental energy levels in 16O, red square [31], magenta down
triangle [32], green open circle [33], black filled circle [34], and
blue up triangle [35]. The line is to guide the eye.
perimental and calculated energies of the state 0+7 and
the states above it. The energy level structure is little
changed by the different condensation rates. Especially
the excitation energies of the two 0+ states above the
vacuum are almost independent of the condensation rate
as long as the BEC is formed. Although the condensa-
tion rate has not been known experimentally, it is clear
that the level structure due to BEC in Fig. 1 is robust.
In Table I, the calculated E0 and E2 transition prob-
abilities are listed. Although no experimental data are
available, the transitions from the 2+1 (BdG) state to the
0+2 (ZM) and 0
+ (Vac) states are strong. Experimental
measurements, which may serve to check the condensa-
tion rate and the models, are desired.
In Fig. 6 the calculated energy levels of the Nambu-
Goldstone zero-mode states and the BdG states are dis-
6played against J(J + 1) in comparison with the ex-
perimental data. The calculated BdG states 2+, 4+,
6+and 8+are approximately located on the straight line
in J(J + 1) plot with a rotational constant k=93 keV
for the 2+ ∼ 8+ states, which seems to be consistent
with the values of k =95± 20 from the data of Freer et
al. [33], k =86 keV estimated from each centroid of the
observed 2+ , 4+ and 6+ states in Ref. [38] and k =80
keV of the calculated value in Ref. [38] where k= ~2/2J
with J being the moment of inertia. This shows that the
BdG states built on the Nambu-Goldstone state at 16.7
MeV are strongly deformed. The calculated large B(E2)
values of the transitions in this band in Table I are in
accordance with a strongly deformed BEC of α clusters.
As seen in Fig. 6, it is also clear that the rotational band
is built on the Nambu-Goldstone zero-mode 0+ state at
16.7 MeV and not on the vacuum 15.1 MeV 0+ state. The
logical structure of the emergence of a deformed BEC on
the Nambu-Goldstone zero-mode 0+ state is essentially
the same as that seen for the BEC of three α clusters,
as has been suggested for 12C and 16O in Ref. [46]. In
the picture of a local condensate with the α+12C(Hoyle
state) structure in Ref. [38], the condensation rate is es-
timated to be 70%×12/16=53%, which will be increased
if the involvement of the fourth α cluster to the conden-
sation is taken into account. The present condensation
rate around 60% seems to be consistent with this rough
estimate.
The above discussions and conclusions are reconfirmed
also by the other method of fitting the parameters, in
which the rms radius of the Hoyle-analog state is con-
strained to 5 fm of Ref. [37], which gives the best values
of Ω=1.67 MeV/~ and Vr = 497 MeV to fit the 16.7 MeV
0+7 state. We mention that the present external harmonic
potential Vex(r) with Ω represents a phenomenological
mean field potential of the α clusters of Bose-Einstein
condensate, which is accompanied by the residual α− α
interaction U , and which corresponds to a “container”
in Ref. [39] whose potential form is given neither micro-
scopically nor phenomenologically. By using a finite well
such as a Woods-Saxon or a Woods-Saxon squared form
factor for Vex(r), the α decay width can be calculated.
Therefore the experimental determinations of the decay
widths, especially for the 16.7 MeV 0+ and 18.8 MeV 0+
states [31], are highly desired.
To summarize, we have studied the observed well-
developed α cluster states above the four α threshold
from the viewpoint of Bose-Einstein condensation of α
clusters using a field theoretical superfluid cluster model
in which the order parameter is defined. We could repro-
duce the observed level structure of the α cluster states
above the threshold for the first time. It is found that the
emergence of the level structure that the two 0+ states
with a well-developed α cluster structure at very low ex-
citation energies from the threshold is a manifestation of
the Nambu-Goldstone zero-mode states due to the BEC
of the vacuum 0+6 (15.1 MeV). This mechanism is the
same to the α cluster structure above the three α thresh-
old in 12C. It is found that the obtained level structure
is robust and changes little once the α cluster condensa-
tion is realized with a significant condensation rate. The
present results give evidence of the existence of Bose-
Einstein condensate of α cluster in 16O.
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